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Outline

1 Model Predictive Control as Approximation in Value Space

2 Computing Most Likely Sequence of a Language Model

3 Addressing Multiple Object Tracking/Data Association Problem

4 Approximation in Value Space with Fine-Tuned Language Model (if time permits)
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Model Predictive Control and AlphaGo/AlphaZero
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Figure: Modified from [Kouvaritakis & Cannon, Fig. 2.1]

Model predictive control (MPC): Select control at the present time based on the
prediction and evaluation of state trajectories into the future

The predicted trajectories are truncated after finite stages, and an offline computed
function and/or constraint are used at the end of the prediction for evaluation.

The prediction and evaluation is carried out online: repeated at each stage

AlphaGo/AlphaZero: Highly similar structures involving prediction and evaluation
of future board configuration, using trained neural networks

Can we connect MPC and AlphaGo/AlphaZero via a unifying framework?
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Dynamic Programming Model

...... ) xk xk+1) x0

)

Termination StatInfinite Horizon
Deterministic Dynamics

xk+1 = f(xk, uk)

g(xk, uk)

Stage Cost

The state space X and the control constraint set U(x) ⊂ U.

The system dynamics f : X × U → X and the stage cost g : X × U → ℜ∗.

A policy µ : X → U with µ(x) ∈ U(x) for all x and its cost function

Jµ(x0) = lim
N→∞

N−1∑
k=0

g
(
xk , µ(xk )

)
.

The optimal cost function J∗ : X → ℜ and optimal policy µ∗ : X → U:

J∗(x0) = min
uk ,k=0,1,...

lim
N→∞

N−1∑
k=0

g(xk , uk ), Jµ∗(x) = J∗(x).
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Bellman’s Equation

...... ) xk xk+1) x0

)

Termination StatInfinite Horizon
Deterministic Dynamics

xk+1 = f(xk, uk)

g(xk, uk)

Stage Cost

The optimal cost function J∗ fulfills Bellman’s equation:

J∗(x) = min
u∈U(x)

{
g(x , u) + J∗(f (x , u))}, for all x .

The optimization problem is transformed to solving fixed point equation:

min
uk ,k=0,1,...

lim
N→∞

N−1∑
k=0

g(xk , uk ) =⇒ J∗(x) = min
u∈U(x)

{
g(x , u) + J∗(f (x , u))}.

Upon obtaining J∗, the optimal policy µ∗ can be computed via:

µ∗(x) ∈ arg min
u∈U(x)

{
g(x , u) + J∗(f (x , u))}

The sum g(x , u) + J∗(f (x , u)) is known as the Q-factor, and denoted by Q(x , u).
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Approximation in Value Space: Basic Form

Typically, it is intractable to compute the optimal cost function J∗. As a result, the
optimal policy µ∗ cannot be computed via

µ∗(x) ∈ arg min
u∈U(x)

{
g(x , u) + J∗(f (x , u))}.

Approximation in value space: replacing J∗ with some function J̃ that is obtained
through offline training, and apply the policy µ̃ obtained through online play:

µ̃(x) ∈ arg min
u∈U(x)

{
g(x , u) + J̃

(
f (x , u)

)}
. (1)

The form is called one-step lookahead.

The offline computation ensures that the values J̃(x) are ‘known’ for all x .

The online computation (1) for µ̃(x) is only for the state x that we encounter.

Why effective: Computing J∗ can be viewed as a root finding problem:

J∗(x)− min
u∈U(x)

{
g(x , u) + J∗(f (x , u))} = 0, for all x . (2)

Approximation in value space is one step of Netwon’s method for solving (2), with
the offline computed J̃ as the initial guess of J∗.
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Approximation in Value Space: Variants

Rollout: using cost function Jµ of a policy µ as J̃, where µ is called a base policy

Truncated rollout: setting J̃ ≈ Jµ, e.g., after computing some Ĵ, define J̃(x) as

J̃(xℓ) =
ℓ+m−1∑

k=ℓ

g(xk , µ(xk )) + Ĵ(xℓ+m)

ℓ-step lookahead: optimizing over ℓ controls u0, u1, . . . , uℓ−1:

µ̃(x0) ∈ arg min
u0∈U(x0)

(
g(x0, u0) + min

uk , k=1,...,ℓ−1

( ℓ−1∑
k=1

g(xk , uk ) + J̃(xℓ)
))

.

Simplified minimization: construct a subset Ū(x) ⊂ U(x), and compute µ̃(x) via

µ̃(x) ∈ arg min
u∈Ū(x)

{
g(x , u) + J̃

(
f (x , u)

)}
.

All the ideas discussed thus far apply to finite horizon problems!
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MPC as Approximation in Value Space

{uk}ℓ−1
k=0

ℓ+m−1∑

k=0

g(xk, uk) +G(xℓ+m)

s. t. xk+1 = f(xk, uk), k = 0, ..., ℓ+m− 1,

xk ∈ C, uk ∈ U(xk), k = 0, ..., ℓ+m− 1,

uk = µ(xk), k = ℓ, ..., ℓ+m− 1,

xℓ+m ∈ Cℓ+m

x0 = x.

ON-LINE
PLAY

OFF-LINE
TRAINING

base policy
terminal constraint

terminal costmin

Offline training: The cost functions Jµ of some base policy can be computed as
closed-form expressions and used as G.

Online play: The minimization problems are cast as optimization problems that
can be solved efficiently.

These favorable characteristics of MPC may not be present in other context. But
we have remedies.

Li & Bertsekas NetCon Talk June 10, 2024 9 / 31



MPC as Approximation in Value Space

{uk}ℓ−1
k=0

ℓ+m−1∑

k=0

g(xk, uk) +G(xℓ+m)

s. t. xk+1 = f(xk, uk), k = 0, ..., ℓ+m− 1,

xk ∈ C, uk ∈ U(xk), k = 0, ..., ℓ+m− 1,

uk = µ(xk), k = ℓ, ..., ℓ+m− 1,

xℓ+m ∈ Cℓ+m

x0 = x.

ON-LINE
PLAY

OFF-LINE
TRAINING

base policy
terminal constraint

terminal costmin

Offline training: The cost functions Jµ of some base policy can be computed as
closed-form expressions and used as G.

Online play: The minimization problems are cast as optimization problems that
can be solved efficiently.

These favorable characteristics of MPC may not be present in other context. But
we have remedies.

Li & Bertsekas NetCon Talk June 10, 2024 9 / 31



MPC as Approximation in Value Space

{uk}ℓ−1
k=0

ℓ+m−1∑

k=0

g(xk, uk) +G(xℓ+m)

s. t. xk+1 = f(xk, uk), k = 0, ..., ℓ+m− 1,

xk ∈ C, uk ∈ U(xk), k = 0, ..., ℓ+m− 1,

uk = µ(xk), k = ℓ, ..., ℓ+m− 1,

xℓ+m ∈ Cℓ+m

x0 = x.

ON-LINE
PLAY

OFF-LINE
TRAINING

base policy
terminal constraint

terminal costmin

Offline training: The cost functions Jµ of some base policy can be computed as
closed-form expressions and used as G.

Online play: The minimization problems are cast as optimization problems that
can be solved efficiently.

These favorable characteristics of MPC may not be present in other context. But
we have remedies.
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Remedies from TD-Gammon
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Rollout

Off-Line Obtained
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Off-Line Obtained

Position Evaluator

xk

Training a neural network to represent the function Ĵ

Using real-time simulation to make up the imperfect Ĵ: truncated rollout to collect
sample trajectory xk+2, µ(xk+2), xk+3, . . . , xk+2+m, and the effective J̃ is

J̃(xk+2) =
k+2+m−1∑

i=k+2

g(xi , µ(xi)) + Ĵ(xk+2+m)

The lookahead tree is constructed for the minization computation.
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The lookahead tree is constructed for the minization computation.

Li & Bertsekas NetCon Talk June 10, 2024 10 / 31



Outline

1 Model Predictive Control as Approximation in Value Space

2 Computing Most Likely Sequence of a Language Model

3 Addressing Multiple Object Tracking/Data Association Problem

4 Approximation in Value Space with Fine-Tuned Language Model (if time permits)
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The n-Gram Model of Next Word Generation
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1

One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length
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(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or
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Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk

anksucc(nk) + psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

ppred(nk)
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+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

1

One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length
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One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length
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i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik�1

n n � 1.5 n � 2.5 n � 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = �1 a44, a54 = �1 a55 = �10

i0 O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 [ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in�1 in�2 j1 j2 j3 j4 jn�1 jn�2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ✏ Coalition of person 3 of person i0 for objects j 2 Z(i0)

Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk

anksucc(nk) + psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

ppred(nk)
apred(nk)nk

+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

Acyclic Graph Tree-Like Structure ps = 3 p1 = 3 p2 = 2 p3 = 3.2 p4 = 1 p5 = 1 p6 = 1.2 p7 = 1.5

p8 = 1 p9 = 1 pt = 0 pt = �0.5 Large ✏ Small ✏

Interval I Interval II Interval III Interval IV Ks K⇤ Kµ K � 1
2 �µ �1 J 0 Jµ = � 1

µ TµJ = �µ+(1�µ2)J

TJ = minµ2(0,1] TµJ

1

Current State Current Text String Next Text String n Words u = (u0, . . . , un−1) Stage n

Prompt GPT Heuristic
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(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length

Li & Bertsekas NetCon Talk June 10, 2024 12 / 31



The n-Gram Model of Next Word Generation

xk+1 xk uk

Current Text Window Mext Text Window Next Word

J*
N (xN ) = gN (xN ) J*

N�1(xN�1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk2Uk(xk)

h
gk(xk, uk) + J*

k+1

�
fk(xk, uk)

�i
, for all xk.

x0 x1 x2 xN�1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x⇤
1 x⇤

2 x⇤
N�1 x⇤

N x2 = f1(x1, u1) u⇤
1 xN�1 xN u⇤

0

u⇤
N�1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=

Ps
`=1 F`(i)r` it is a linear feature-based architecture

1

xk+1 xk uk

Current Text Window Mext Text Window Next Word

J*
N (xN ) = gN (xN ) J*

N�1(xN�1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk2Uk(xk)

h
gk(xk, uk) + J*

k+1

�
fk(xk, uk)

�i
, for all xk.

x0 x1 x2 xN�1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x⇤
1 x⇤

2 x⇤
N�1 x⇤

N x2 = f1(x1, u1) u⇤
1 xN�1 xN u⇤

0

u⇤
N�1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=

Ps
`=1 F`(i)r` it is a linear feature-based architecture

1

xk+1 xk uk

Current Text Window Next Text Window Next Word

J*
N (xN ) = gN (xN ) J*

N�1(xN�1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk2Uk(xk)

h
gk(xk, uk) + J*

k+1

�
fk(xk, uk)

�i
, for all xk.

x0 x1 x2 xN�1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x⇤
1 x⇤

2 x⇤
N�1 x⇤

N x2 = f1(x1, u1) u⇤
1 xN�1 xN u⇤

0

u⇤
N�1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=

Ps
`=1 F`(i)r` it is a linear feature-based architecture

1

xk+1 xk uk

Current Text Window Next Text Window Next Word

J*
N (xN ) = gN (xN ) J*

N�1(xN�1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk2Uk(xk)

h
gk(xk, uk) + J*

k+1

�
fk(xk, uk)

�i
, for all xk.

x0 x1 x2 xN�1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x⇤
1 x⇤

2 x⇤
N�1 x⇤

N x2 = f1(x1, u1) u⇤
1 xN�1 xN u⇤

0

u⇤
N�1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=

Ps
`=1 F`(i)r` it is a linear feature-based architecture

1

xk+1 xk uk · · ·
Current Text Window Next Text Window Next Word

J*
N (xN ) = gN (xN ) J*

N�1(xN�1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk2Uk(xk)

h
gk(xk, uk) + J*

k+1

�
fk(xk, uk)

�i
, for all xk.

x0 x1 x2 xN�1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x⇤
1 x⇤

2 x⇤
N�1 x⇤

N x2 = f1(x1, u1) u⇤
1 xN�1 xN u⇤

0

u⇤
N�1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=

Ps
`=1 F`(i)r` it is a linear feature-based architecture

1

xk+1 xk uk · · ·
Current Text Window Next Text Window Next Word

J*
N (xN ) = gN (xN ) J*

N�1(xN�1) J*
2 (x2) J*

1 (x1) J*
0 (x0)

J*
k (xk) = min

uk2Uk(xk)

h
gk(xk, uk) + J*

k+1

�
fk(xk, uk)

�i
, for all xk.

x0 x1 x2 xN�1 xN xk+1 = fk(xk, uk) Cost g1(x1, u1) x2 = f1(x1, u1)

State Transition x0 x⇤
1 x⇤

2 x⇤
N�1 x⇤

N x2 = f1(x1, u1) u⇤
1 xN�1 xN u⇤

0

u⇤
N�1

6 1 3 2 9 5 8 7 10 Stage 0 tail subproblem (c omplete problem)

Player Corrected J̃ J̃ J*

Cost J̃µ

�
F (i), r

�
of i ⇡ Jµ(i) Jµ(i) Feature Map

J̃µ

�
F (i), r

�
: Feature-based parametric architecture State

r: Vector of weights Original States Aggregate States

Position “value” Move “probabilities” Simplify E{·}
Choose the Aggregation and Disaggregation Probabilities

Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq

Use a Neural Scheme or Other Scheme

Possibly Include “Handcrafted” Features

Generate Features F (i) of Formulate Aggregate Problem

Generate “Impoved” Policy µ̂ by “Solving” the Aggregate Problem

Same algorithm learned multiple games (Go, Shogi)

Aggregate costs r⇤` Cost function J̃0(i) Cost function J̃1(j)

Approximation in a space of basis functions Plays much better than
all chess programs

Cost ↵kg(i, u, j) Transition probabilities pij(u) Wp

Controlled Markov Chain Evaluate Approximate Cost J̃µ of

Evaluate Approximate Cost J̃µ

�
F (i)

�
of

F (i) =
�
F1(i), . . . , Fs(i)

�
: Vector of Features of i

J̃µ

�
F (i)

�
: Feature-based architecture Final Features

If J̃µ

�
F (i), r

�
=

Ps
`=1 F`(i)r` it is a linear feature-based architecture

1

Current Text String n Words

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

1

One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length
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00
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ai3 = 0 for i = 1, 2, 3, 4
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a44 = �1 a44, a54 = �1 a55 = �10
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Border objects i1 i2 i3 in�1 in�2 j1 j2 j3 j4 jn�1 jn�2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ✏ Coalition of person 3 of person i0 for objects j 2 Z(i0)

Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk
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+ anksucc(nk) + psucc(nk)

ppred(nk)
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+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

1

One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length
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Current Text String n Words

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

n � 1 n � 2 n � 3 2 1 ī Assigned j̄ ī i0 jk ik�1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik�1

n n � 1.5 n � 2.5 n � 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = �1 a44, a54 = �1 a55 = �10

i0 O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 [ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in�1 in�2 j1 j2 j3 j4 jn�1 jn�2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ✏ Coalition of person 3 of person i0 for objects j 2 Z(i0)

Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk
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(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes
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� apred(nk)nk
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ppred(nk)
apred(nk)nk

+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction
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Current State Current Text String Next Text String n Words u = (u0, . . . , un−1) Stage n

Prompt GPT Heuristic

Next State Final State (ũ0, . . . ũk−1, uk, . . . , un−1)

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1)

(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε
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maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t
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ppred(nk) − apred(nk)nk
anksucc(nk) + psucc(nk) apred(nk)nk
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+ pnk pnk ≤ ε or

Price rise of the best object ji ε wi − ε Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n − 1 1′ 2′ 3′ ... 2.5 r = 3 i j aij
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x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un�1) Stage n

Prompt GPT Heuristic Rollout

Nearest Neighbor Base Heuristic ⇡0 Rollout ⇡1 ⇡2 . . .
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k u

00
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Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

1

One word added to the front and one word deleted from the back

The n-gram provides transition probabilities p(xk+1 | xk ) to which we have access

p(xk+1 | xk ) is a suggested local measure of desirability for xk+1 to follow xk

We have freedom to select the next word according to a policy of our choice

Think of texting/next word suggestions; we can follow the suggested words or
choose our own

We focus on policies that produce highly likely sequences {x1, x2, . . . , xN} starting
from a given initial state/prompt x0; a global measure of desirability

The constant n is also known as the size of the context window, and the constant
N is the generated sequence length
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, for all xk.
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Use a Neural Network or Other Scheme Form the Aggregate States
I1 Iq
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The most likely selection policy: Starting at x0, it selects the most likely sequence
{x1, x2, . . . , xN}, according to the n-gram’s suggestions.

This the one that maximizes

Prob(x1, x2, . . . , xN | x0)

or equivalently maximizes

p(x1 | x0) · p(x2 | x1) · p(x3 | x2) · · · p(xN | xN−1)

[using the Markov property, i.e., P(xk+1 | x0, x1, . . . , xk ) = P(xk+1 | xk ) and the
multiplication rule of conditional probability].

We will view this policy as optimal/most desirable.
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(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1
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The most likely selection policy: Starting at x0, it selects the most likely sequence
{x1, x2, . . . , xN}, according to the n-gram’s suggestions.

This the one that maximizes

Prob(x1, x2, . . . , xN | x0)

or equivalently maximizes

p(x1 | x0) · p(x2 | x1) · p(x3 | x2) · · · p(xN | xN−1)

[using the Markov property, i.e., P(xk+1 | x0, x1, . . . , xk ) = P(xk+1 | xk ) and the
multiplication rule of conditional probability].

We will view this policy as optimal/most desirable.
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(ũ0, . . . ũk�1) Possible Next Words uk u
0
k u

00
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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1

The most likely selection policy: Starting at x0, it selects the most likely sequence
{x1, x2, . . . , xN}, according to the n-gram’s suggestions.

This the one that maximizes

Prob(x1, x2, . . . , xN | x0)

or equivalently maximizes

p(x1 | x0) · p(x2 | x1) · p(x3 | x2) · · · p(xN | xN−1)

[using the Markov property, i.e., P(xk+1 | x0, x1, . . . , xk ) = P(xk+1 | xk ) and the
multiplication rule of conditional probability].

We will view this policy as optimal/most desirable.
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Dynamic Programming Formulation of the Problem
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The control constraint sets U(x): the set of all possible words U, known as the
vocabulary, independent of x

The state space X : the n-fold product of U, i.e., X = Un

The system dynamics f : Given a text string (state) xk and a word (control) uk , the
new text string (next state) xk+1 is obtained by

adding uk to the front end of xk , and deleting the last word at the back end of xk

The stage cost g: The cost of applying uk at xk is given by

g(xk , uk ) = − log p(xk+1 | xk ),

where xk+1 = f (xk , uk ). For convenience, we still work with the probabilities directly

This is a finite-horizon problem: selecting N controls
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The control constraint sets U(x): the set of all possible words U, known as the
vocabulary, independent of x

The state space X : the n-fold product of U, i.e., X = Un

The system dynamics f : Given a text string (state) xk and a word (control) uk , the
new text string (next state) xk+1 is obtained by

adding uk to the front end of xk , and deleting the last word at the back end of xk

The stage cost g: The cost of applying uk at xk is given by

g(xk , uk ) = − log p(xk+1 | xk ),

where xk+1 = f (xk , uk ). For convenience, we still work with the probabilities directly

This is a finite-horizon problem: selecting N controls
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Dynamic Programming Formulation of the Problem
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1

The control constraint sets U(x): the set of all possible words U, known as the
vocabulary, independent of x

The state space X : the n-fold product of U, i.e., X = Un

The system dynamics f : Given a text string (state) xk and a word (control) uk , the
new text string (next state) xk+1 is obtained by

adding uk to the front end of xk , and deleting the last word at the back end of xk

The stage cost g: The cost of applying uk at xk is given by

g(xk , uk ) = − log p(xk+1 | xk ),

where xk+1 = f (xk , uk ). For convenience, we still work with the probabilities directly

This is a finite-horizon problem: selecting N controls
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Dynamic Programming Formulation of the Problem
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Current State Current Text String Next Text String n Words u = (u0, . . . , un−1) Stage n

Prompt GPT Heuristic

Next State Final State (ũ0, . . . ũk−1, uk, . . . , un−1)

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1)

(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
≤ psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk) − apred(nk)nk
anksucc(nk) + psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

ppred(nk) apred(nk)nk
+ pnk pnk ≤ ε or

Price rise of the best object ji ε wi − ε Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n − 1 1′ 2′ 3′ ... 2.5 r = 3 i j aij

1

x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un�1) Stage n

Prompt GPT Heuristic Rollout

Nearest Neighbor Base Heuristic ⇡0 Rollout ⇡1 ⇡2 . . .

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk�1 (ũ0, . . . ũk�1, uk) (ũ0, . . . ũk�1) e.g., Trained Transformer

(ũ0, . . . ũk�1) Possible Next Words uk u
0
k u

00
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

un�1 n � 2 n � 3 2 1 ī Assigned j̄ ī i0 jk ik�1 Transformer Approximation ⇡̃0 ⇡̃1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik�1

n n � 1.5 n � 2.5 n � 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = �1 a44, a54 = �1 a55 = �10

i0 O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 [ O2 i j Validation Rollout ⇡r

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in�1 in�2 j1 j2 j3 j4 jn�1 jn�2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ✏ Coalition of person 3 of person i0 for objects j 2 Z(i0)

Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk

anksucc(nk) + psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

ppred(nk)
apred(nk)nk

+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

1

The control constraint sets U(x): the set of all possible words U, known as the
vocabulary, independent of x

The state space X : the n-fold product of U, i.e., X = Un

The system dynamics f : Given a text string (state) xk and a word (control) uk , the
new text string (next state) xk+1 is obtained by

adding uk to the front end of xk , and deleting the last word at the back end of xk

The stage cost g: The cost of applying uk at xk is given by

g(xk , uk ) = − log p(xk+1 | xk ),

where xk+1 = f (xk , uk ). For convenience, we still work with the probabilities directly

This is a finite-horizon problem: selecting N controls
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Rollout Policy Based on the Greedy Policy

xk+1 xk uk
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Current Text String n Words

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

n � 1 n � 2 n � 3 2 1 ī Assigned j̄ ī i0 jk ik�1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik�1

n n � 1.5 n � 2.5 n � 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = �1 a44, a54 = �1 a55 = �10

i0 O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 [ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in�1 in�2 j1 j2 j3 j4 jn�1 jn�2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ✏ Coalition of person 3 of person i0 for objects j 2 Z(i0)

Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk

anksucc(nk) + psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

ppred(nk)
apred(nk)nk

+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

Acyclic Graph Tree-Like Structure ps = 3 p1 = 3 p2 = 2 p3 = 3.2 p4 = 1 p5 = 1 p6 = 1.2 p7 = 1.5

p8 = 1 p9 = 1 pt = 0 pt = �0.5 Large ✏ Small ✏

Interval I Interval II Interval III Interval IV Ks K⇤ Kµ K � 1
2 �µ �1 J 0 Jµ = � 1

µ TµJ = �µ+(1�µ2)J

TJ = minµ2(0,1] TµJ
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Current State Current Text String Next Text String n Words u = (u0, . . . , un−1) Stage n

Prompt GPT Heuristic

Next State Final State (ũ0, . . . ũk−1, uk, . . . , un−1)

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1)

(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion
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Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)
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maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t
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+ pnk pnk ≤ ε or

Price rise of the best object ji ε wi − ε Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n − 1 1′ 2′ 3′ ... 2.5 r = 3 i j aij
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Prompt GPT Heuristic Rollout

Nearest Neighbor Base Heuristic ⇡0 Rollout ⇡1 ⇡2 . . .

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk�1 (ũ0, . . . ũk�1, uk) (ũ0, . . . ũk�1) e.g., Trained Transformer

(ũ0, . . . ũk�1) Possible Next Words uk u
0
k u

00
k Transformer Heuristic Approximate Policy Iteration
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The optimal selection policy: Intractable to compute when U and/or n are large.

The greedy selection policy: Select at each xk the next word xk+1 that maximizes
the next word transition probability p(xk+1 | xk ).

The rollout selection policy that uses the greedy as base policy: At xk , it selects uk

that maximizes the greedy Q-factor Q(xk , uk ); i.e. the probability of the sequence

Prob(f (xk , uk ),Greedy sequence starting from f (xk , uk ) | xk )

In this case, the function J̃ is Jµ, with µ being the greedy selection policy

Variants of rollout: Multistep lookahead, truncated, simplified, and their
combinations.
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The optimal selection policy: Intractable to compute when U and/or n are large.

The greedy selection policy: Select at each xk the next word xk+1 that maximizes
the next word transition probability p(xk+1 | xk ).

The rollout selection policy that uses the greedy as base policy: At xk , it selects uk

that maximizes the greedy Q-factor Q(xk , uk ); i.e. the probability of the sequence

Prob(f (xk , uk ),Greedy sequence starting from f (xk , uk ) | xk )

In this case, the function J̃ is Jµ, with µ being the greedy selection policy

Variants of rollout: Multistep lookahead, truncated, simplified, and their
combinations.
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(ũ0, . . . ũk�1) Possible Next Words uk u
0
k u

00
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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The optimal selection policy: Intractable to compute when U and/or n are large.

The greedy selection policy: Select at each xk the next word xk+1 that maximizes
the next word transition probability p(xk+1 | xk ).

The rollout selection policy that uses the greedy as base policy: At xk , it selects uk

that maximizes the greedy Q-factor Q(xk , uk ); i.e. the probability of the sequence

Prob(f (xk , uk ),Greedy sequence starting from f (xk , uk ) | xk )

In this case, the function J̃ is Jµ, with µ being the greedy selection policy

Variants of rollout: Multistep lookahead, truncated, simplified, and their
combinations.
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Rollout Policy Based on the Greedy Policy
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i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik�1

n n � 1.5 n � 2.5 n � 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = �1 a44, a54 = �1 a55 = �10

i0 O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 [ O2 i j

Augmenting Path Exists Augmenting Path Does Not Exist

Border objects i1 i2 i3 in�1 in�2 j1 j2 j3 j4 jn�1 jn�2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ✏ Coalition of person 3 of person i0 for objects j 2 Z(i0)

Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk

anksucc(nk) + psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

ppred(nk)
apred(nk)nk

+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

Acyclic Graph Tree-Like Structure ps = 3 p1 = 3 p2 = 2 p3 = 3.2 p4 = 1 p5 = 1 p6 = 1.2 p7 = 1.5

p8 = 1 p9 = 1 pt = 0 pt = �0.5 Large ✏ Small ✏

Interval I Interval II Interval III Interval IV Ks K⇤ Kµ K � 1
2 �µ �1 J 0 Jµ = � 1

µ TµJ = �µ+(1�µ2)J

TJ = minµ2(0,1] TµJ

1

Current Text String n Words

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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The optimal selection policy: Intractable to compute when U and/or n are large.

The greedy selection policy: Select at each xk the next word xk+1 that maximizes
the next word transition probability p(xk+1 | xk ).

The rollout selection policy that uses the greedy as base policy: At xk , it selects uk

that maximizes the greedy Q-factor Q(xk , uk ); i.e. the probability of the sequence

Prob(f (xk , uk ),Greedy sequence starting from f (xk , uk ) | xk )

In this case, the function J̃ is Jµ, with µ being the greedy selection policy

Variants of rollout: Multistep lookahead, truncated, simplified, and their
combinations.
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Rollout Policy Based on the Greedy Policy
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Price Rise: p̄1 = p̄2 = C + 1 + 2✏, p̄3 = 1 + ✏ Profits of person i0 for objects j /2 O(i), j 2 A(i0)

Price Rise: p̄1 = p̄2 = C + 10 + 3✏, p̄3 = 10 + 2✏, p̄4 = 9 + ✏

✏-zone Z(i0) C(i) = {i} [ C1 [ C2 Not a Coalition

maxj /2O(i), j2A(i0)(ai0j � pj) O(i) Assigned i j ✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Assigned

ri0 minj2Z(i0){ai0j � pj} maxj /2Z(i0){ai0j � pj}
maxj /2O(i), j2A(i0){ai0j � pj} ✏

✓1 ✓2 ✓3 ✓4 1 2 3 4 5 Unassigned

Function f(u) = ✓u u ✓1 ✓2 p = (0, 0, 0)

z1 = ✓1 + w1 z2 = ✓2 + w2 z3 = ✓3 + w3 z4 = ✓4 + w4

Path Extension: ppred(nk)
> psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ✏ or

✓1 ✓2 ✓3 ✓4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk)
 psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk)
� apred(nk)nk

anksucc(nk) + psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

ppred(nk)
apred(nk)nk

+ pnk pnk  ✏ or

Price rise of the best object ji ✏ wi � ✏ Conservative auction Aggressive auction

0 1 2 3 4 5 6 7 8 9 s t L n n + 1 n � 1 10 20 30 ... 2.5 r = 3 i j aij

1

The optimal selection policy: Intractable to compute when U and/or n are large.

The greedy selection policy: Select at each xk the next word xk+1 that maximizes
the next word transition probability p(xk+1 | xk ).

The rollout selection policy that uses the greedy as base policy: At xk , it selects uk

that maximizes the greedy Q-factor Q(xk , uk ); i.e. the probability of the sequence

Prob(f (xk , uk ),Greedy sequence starting from f (xk , uk ) | xk )

In this case, the function J̃ is Jµ, with µ being the greedy selection policy

Variants of rollout: Multistep lookahead, truncated, simplified, and their
combinations.
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One-Step and Multistep Rollout Selection Policies

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk)

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk)

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN x0
N x00

N uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN x0
N x00

N uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors

x0 x1 xk xN x0
N x00

N uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x′
N x′′

N uk u′
k u′′

k xk+1 x′
k+1 x′′

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x′
N x′′

N uk u′
k u′′

k xk+1 x′
k+1 x′′

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial City Current Partial Tour Next Cities Next States

Nearest Neighbor Heuristic

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree !-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

min
uk

E
{
gk(xk, uk, wk)+J̃k+1(xk+1)

}

Approximate Min Approximate E{·} Approximate Cost-to-Go J̃k+1

Optimal control sequence {u∗
0, . . . , u∗

k, . . . , u∗
N−1} Simplify E{·}

Tail subproblem Time x∗
k Future Stages Terminal Cost k N

Stage k Future Stages Terminal Cost gN(xN )

Control uk Cost gk(xk, uk) x0 xk xk+1 xN xN x′
N

ũk uk x̃k+1 xk+1 x̃N xN x′
N

Φr = Π
(
T

(λ)
µ (Φr)

)
Π(Jµ) µ(i) ∈ arg minu∈U(i) Q̃µ(i, u, r)

Subspace M = {Φr | r ∈ "m} Based on J̃µ(i, r) Jµk

minu∈U(i)

∑n
j=1 pij(u)

(
g(i, u, j) + J̃(j)

)
Computation of J̃ :

Good approximation Poor Approximation σ(ξ) = ln(1 + eξ)

max{0, ξ} J̃(x)

Cost 0 Cost g(i, u, j) Monte Carlo tree search First Step “Future”
Feature Extraction

Node Subset S1 SN Aggr. States Stage 1 Stage 2 Stage 3 Stage N −1

1

Start End Plus Terminal Cost Approximation S1 S2 S3 S` Sm�1 Sm

State i y(i) Ay(i) + b �1(i, v) �m(i, v) �2(i, v) Ĵ(i, v) = r0�(i, v)

Deterministic Transition xk+1 = fk(xk, uk)

Cost Vector r⇤ J̃1 = Corrected V Enlarged State Space Cost J̃0 Cost J̃1 Cost r⇤

Representative States Controls u are associated with states i

N Stages jN�1 jN i 2 Ix j 2 Iy

Sx1 Sx` Sxm x1 x` xm r⇤x1
r⇤x`

r⇤xm
Footprint Sets J̃(i) J̃(j) =

P
y2A �jyr⇤y

min
u2U(i)

nX

j=1

pij(u)
�
g(i, u, j) + ↵J̃(j)

�
i = x Ix

⇡/4 Sample State xs
k Sample Control us

k Sample Next State xs
k+1 Sample Transition Cost gs

k Simulator

Representative States x (Coarse Grid) Critic Actor Approximate PI Aggregate Problem

p̂xy(u) =

nX

j=1

pxj(u)�jy ĝ(x, u) =

nX

j=1

pxj(u)g(x, u, j)

Range of Weighted Projections J⇤(i) Original States to States (Fine Grid) Original State Space

dxi = 0 for i /2 Ix �jy = 1 for j 2 Iy �jy = 0 or 1 for all j and y Each j connects to a single x

x pxj1(u) pxj2(u) pxj3(u) �j1y1 �j1y2 �j1y3 �jy with Aggregation Probabilities �jy = 0 or 1

Relate to Rm r⇤m�1 r⇤m x0
k+1

Policy Q-Factor Evaluation Evaluate Q-Factor Qµ of Current policy µ Width (✏ + 2↵�)/(1 � ↵)

Random Transition xk+1 = fk(xk, uk, wk) Random Cost gk(xk, uk, wk) Representative Features

Control v (j, v) Cost = 0 State-Control Pairs Transitions under policy µ Evaluate Cost Function

1

1 2 3 p > 1/2 1−p x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un−1)

Stage n p(y | xk)Pk+1(y, π) y y′ y′′

Prompt GPT Heuristic Rollout Greedy Heuristic

Nearest Neighbor Base Heuristic π0 Rollout π1 π2 . . .

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1) e.g., Trained Transformer

(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1 Transformer Approximation π̃0 π̃1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j Validation Rollout πr

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk) ≤ psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk) − apred(nk)nk
anksucc(nk) + psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

ppred(nk) apred(nk)nk
+ pnk pnk ≤ ε or

Price rise of the best object ji ε wi − ε Conservative auction Aggressive auction

1

1 2 3 p > 1/2 1−p x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un−1)

Stage n p(y | xk)Pk+1(y, π) y y′ y′′

Prompt GPT Heuristic Rollout Greedy Heuristic

Nearest Neighbor Base Heuristic π0 Rollout π1 π2 . . .

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1) e.g., Trained Transformer

(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1 Transformer Approximation π̃0 π̃1
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un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1 Transformer Approximation π̃0 π̃1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j Validation Rollout πr

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk) ≤ psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk) − apred(nk)nk
anksucc(nk) + psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

ppred(nk) apred(nk)nk
+ pnk pnk ≤ ε or

Price rise of the best object ji ε wi − ε Conservative auction Aggressive auction

1

xk+2 x′
k+2 uk+1 u′

k+1 States at the End of the Lookahead

Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

Implicit Current The system can be kept at the origin at zero cost by some control i.e.,

PATH PLANNING States at the End of the Lookahead Final States

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(! − 1)-Stages Minimization Control of Belief State

Must Deal with State and Control Constraints Linear-Quadratic Formulation is Often Inadequate

Current Partial Solution x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)

TETRIS An Infinite Horizon Stochastic Shortest Path Problem Optimal

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ
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. . . Q-Factors

-Factors Current State x
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k+1

�
n p(y | xk)Pk+1(y,⇡) Greedy Heuristic

) y y

y y0

0 y00
Prompt GPT Heuristic Rollout Greedy Selection Heuristic

Prompt GPT Heuristic Rollout Greedy Selection Heuristic

Prompt GPT Heuristic Rollout Greedy Selection Heuristic

PATH PLANNING States at the End of the Lookahead Final States

Figure 3: Schematic illustration of the rollout policy with one-step lookahead. At the
current state xk, we compute the Q-factors

Q⇡,k(xk, y) = p(y | xk)Pk+1(y,⇡)

by running the greedy selection policy from all possible next states y. We then select
as next state xk+1 the one with maximal Q-factor.

and multiplying the corresponding transition probabilities along the generated

state trajectory; see Fig. 3. This is a polynomial computation, which is roughly

larger by a factor N over the greedy selection method. However, there are ways

to reduce this computation, including the use of parallel processing and other

possibilities, which we will discuss in Section 3.

The expression p(y | xk)Pk+1(y,⇡) that is maximized over y in Eq. (6) is

known as the Q-factor of the pair (xk, y) corresponding to the base policy ⇡, in

the terminology of the rollout approach, and is denoted by Q⇡,k(xk, y):

Q⇡,k(xk, y) = p(y | xk)Pk+1(y,⇡). (7)

The Q-factor terminology comes from schemes of approximation in value space,

which underlie some of the most visible successes of reinforcement learning; cf.

the books [Ber22], [Ber23]. In this context, at state xk we choose the action y

that yields the maximal Q-factor.
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Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available)

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1
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Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . .

x0 x1 xk xN x0
N x00

N uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors

x0 x1 xk xN x0
N x00

N uk u0
k u00

k xk+1 x0
k+1 x00

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x′
N x′′

N uk u′
k u′′

k xk+1 x′
k+1 x′′

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N − 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N − 1 c(N) c(N − 1) k k + 1

Heuristic Cost Heuristic “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk) . . . Q-Factors Current State xk

x0 x1 xk xN x′
N x′′

N uk u′
k u′′

k xk+1 x′
k+1 x′′

k+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; θk) f(x; θk+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x∗ = F (x∗) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

Start End Plus Terminal Cost Approximation S1 S2 S3 S` Sm�1 Sm

State i y(i) Ay(i) + b �1(i, v) �m(i, v) �2(i, v) Ĵ(i, v) = r0�(i, v)

Deterministic Transition xk+1 = fk(xk, uk)

Cost Vector r⇤ J̃1 = Corrected V Enlarged State Space Cost J̃0 Cost J̃1 Cost r⇤

Representative States Controls u are associated with states i

N Stages jN�1 jN i 2 Ix j 2 Iy

Sx1 Sx` Sxm x1 x` xm r⇤x1
r⇤x`

r⇤xm
Footprint Sets J̃(i) J̃(j) =

P
y2A �jyr⇤y

min
u2U(i)

nX

j=1

pij(u)
�
g(i, u, j) + ↵J̃(j)

�
i = x Ix

⇡/4 Sample State xs
k Sample Control us

k Sample Next State xs
k+1 Sample Transition Cost gs

k Simulator

Representative States x (Coarse Grid) Critic Actor Approximate PI Aggregate Problem

p̂xy(u) =

nX

j=1

pxj(u)�jy ĝ(x, u) =

nX

j=1

pxj(u)g(x, u, j)

Range of Weighted Projections J⇤(i) Original States to States (Fine Grid) Original State Space

dxi = 0 for i /2 Ix �jy = 1 for j 2 Iy �jy = 0 or 1 for all j and y Each j connects to a single x

x pxj1(u) pxj2(u) pxj3(u) �j1y1 �j1y2 �j1y3 �jy with Aggregation Probabilities �jy = 0 or 1

Relate to Rm r⇤m�1 r⇤m x0
k+1

Policy Q-Factor Evaluation Evaluate Q-Factor Qµ of Current policy µ Width (✏ + 2↵�)/(1 � ↵)

Random Transition xk+1 = fk(xk, uk, wk) Random Cost gk(xk, uk, wk) Representative Features

Control v (j, v) Cost = 0 State-Control Pairs Transitions under policy µ Evaluate Cost Function

1

xk+2 x′
k+2

Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

Implicit Current The system can be kept at the origin at zero cost by some control i.e.,

PATH PLANNING

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(! − 1)-Stages Minimization Control of Belief State

Must Deal with State and Control Constraints Linear-Quadratic Formulation is Often Inadequate

Current Partial Solution x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)

TETRIS An Infinite Horizon Stochastic Shortest Path Problem Optimal

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

1

xk+2 x′
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Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

Implicit Current The system can be kept at the origin at zero cost by some control i.e.,

PATH PLANNING

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(! − 1)-Stages Minimization Control of Belief State

Must Deal with State and Control Constraints Linear-Quadratic Formulation is Often Inadequate

Current Partial Solution x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)

TETRIS An Infinite Horizon Stochastic Shortest Path Problem Optimal

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

1

xk+2 x′
k+2 uk+1 u′

k+1 States at the End of the Lookahead

Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

Implicit Current The system can be kept at the origin at zero cost by some control i.e.,

PATH PLANNING States at the End of the Lookahead Final States

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(! − 1)-Stages Minimization Control of Belief State

Must Deal with State and Control Constraints Linear-Quadratic Formulation is Often Inadequate

Current Partial Solution x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)

TETRIS An Infinite Horizon Stochastic Shortest Path Problem Optimal

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ
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k+2 u′′
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Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

Implicit Current The system can be kept at the origin at zero cost by some control i.e.,

PATH PLANNING States at the End of the Lookahead Final States

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(! − 1)-Stages Minimization Control of Belief State

Must Deal with State and Control Constraints Linear-Quadratic Formulation is Often Inadequate

Current Partial Solution x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)
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x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ
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Consider an undiscounted infinite horizon deterministic problem, involving the System: Cost:

Implicit Current The system can be kept at the origin at zero cost by some control i.e.,

PATH PLANNING States at the End of the Lookahead Final States

xk+1 = f(xk, uk)

and the cost per stage

g(xk, uk) ≥ 0, for all (xk, uk)

f(0, uk) = 0, g(0, uk) = 0 for some control uk ∈ Uk(0)

(! − 1)-Stages Minimization Control of Belief State

Must Deal with State and Control Constraints Linear-Quadratic Formulation is Often Inadequate

Current Partial Solution x x̄ x̄ = f(x, u, w) g(x, u, w) u1 (x, u1) u2 (x, u1, u2)

xk+1 = fk(xk, xk−1, uk, uk−1, wk)

u3 um−1 (x, u1, . . . , um−1) Control um Stage m-Component Control u = (u1, . . . , um)

J1 J2 J∗ = TJ∗ xk+1 = max(0, xk + uk − wk)

TETRIS An Infinite Horizon Stochastic Shortest Path Problem Optimal

x pxx(u) pxy(u) pyx(u) pyy(u) pxt(u) pyt(u) x y

αpxx(u) αpxy(u) αpyx(u) αpyy(u) 1 − α

Belief Estimator TJ = minµ TµJ Cost 0 Cost g(x, u, y) System State Data Control Parameter Estima-

tion

Optimal cost Cost of rollout policy µ̃ Cost of base policy µ

1

Initial State 15 1 5 18 4 19 9 21 25 8 12 13 c(0) c(k) c(k + 1) c(N � 1) Parking Spaces

Stage 1 Stage 2 Stage 3 Stage N N � 1 c(N) c(N � 1) k k + 1

Heuristic Cost “Future” System xk+1 = fk(xk, uk, wk) xk Observations

Belief State pk Controller µk Control uk = µk(pk)

x0 x1 xk xN uk xk+1

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) ! 0 for all p-stable ⇡ from x0 with x0 2 X and ⇡ 2 Pp,x0 Wp+ = {J 2 J | J+  J} Wp+ from

within Wp+

Prob. u Prob. 1 � u Cost 1 Cost 1 �p
u

J(1) = min
�
c, a + J(2)

 

J(2) = b + J(1)

J⇤ Jµ Jµ0 Jµ00Jµ0 Jµ1 Jµ2 Jµ3 Jµ0

f(x; ✓k) f(x; ✓k+1) xk F (xk) F (x) xk+1 F (xk+1) xk+2 x⇤ = F (x⇤) Fµk
(x) Fµk+1

(x)

Improper policy µ

Proper policy µ

1

State Time k k + 1 k + 2 . . . N − 1 N y1 y′
1 y2 y′

2 y′′
2 y′′′

2

x yk+1,k(x, π) yk+2,k(x, π) yN−1,k(x, π) yN,k(x, π)

1 2 3 p > 1/2 1−p x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un−1)

Stage n p(y | xk)Pk+1(y, π) y y′ y′′

Prompt GPT Heuristic Rollout Greedy Selection Heuristic

Nearest Neighbor Base Heuristic π0 Rollout π1 π2 . . .

ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1) e.g., Trained Transformer

(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path

un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1 Transformer Approximation π̃0 π̃1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j Validation Rollout πr

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk) ≤ psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

1

State Time k k + 1 k + 2 . . . N − 1 N y1 y′
1 y2 y′

2 y′′
2 y′′′
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x yk+1,k(x, π) yk+2,k(x, π) yN−1,k(x, π) yN,k(x, π)
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Stage n p(y | xk)Pk+1(y, π) y y′ y′′
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ũ0 (ũ0) ũ1 (ũ0, ũ1) State ũk−1 (ũ0, . . . ũk−1, uk) (ũ0, . . . ũk−1) e.g., Trained Transformer
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′
k u

′′
k Transformer Heuristic Approximate Policy Iteration
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i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j Validation Rollout πr

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4
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un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1 Transformer Approximation π̃0 π̃1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j Validation Rollout πr

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk) ≤ psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

1

1 2 3 p > 1/2 1−p x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un−1)

Stage n p(y | xk)Pk+1(y, π) y y′ y′′

Prompt GPT Heuristic Rollout Greedy Selection Heuristic

Nearest Neighbor Base Heuristic π0 Rollout π1 π2 . . .
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un−1 n − 2 n − 3 2 1 ī Assigned j̄ ī i′ jk ik−1 Transformer Approximation π̃0 π̃1

i = L(jk) i1 = L(j1) i2 = L(j2) i = L(jk) ik−1

n n − 1.5 n − 2.5 n − 3.5 2.5 1.5 0.5

ai3 = 0 for i = 1, 2, 3, 4
... Initial object prices are all 0

a44 = −1 a44, a54 = −1 a55 = −10

i′ O1: 1st Layer objects O2: 2nd Layer objects C1: C2: O(i) = O1 ∪ O2 i j Validation Rollout πr

Augmenting Path Exists Augmenting Path Does Not Exist L-K Heuristic

Border objects i1 i2 i3 in−1 in−2 j1 j2 j3 j4 jn−1 jn−2

Starting person i 1st Layer persons 2nd Layer persons C1: C2: Last Coalition Expansion

Starting Coalition Expanded Coalition 1st Coalition Expansion 2nd Coalition Expansion

Price Rise: p̄1 = p̄2 = C + ε Coalition of person 3 of person i′ for objects j ∈ Z(i′)

Price Rise: p̄1 = p̄2 = C + 1 + 2ε, p̄3 = 1 + ε Profits of person i′ for objects j /∈ O(i), j ∈ A(i′)

Price Rise: p̄1 = p̄2 = C + 10 + 3ε, p̄3 = 10 + 2ε, p̄4 = 9 + ε

ε-zone Z(i′) C(i) = {i} ∪ C1 ∪ C2 Not a Coalition

maxj /∈O(i), j∈A(i′)(ai′j − pj) O(i) Assigned i j θ1 θ2 θ3 θ4 1 2 3 4 5 Assigned

ri′ minj∈Z(i′){ai′j − pj} maxj /∈Z(i′){ai′j − pj}
maxj /∈O(i), j∈A(i′){ai′j − pj} ε

θ1 θ2 θ3 θ4 1 2 3 4 5 Unassigned

Function f(u) = θu u θ1 θ2 p = (0, 0, 0)

z1 = θ1 + w1 z2 = θ2 + w2 z3 = θ3 + w3 z4 = θ4 + w4

Path Extension: ppred(nk) > psucc(nk) or pred(nk) succ(nk) nk Extension Contraction ε or

θ1 θ2 θ3 θ4 u1 u2 u3 uN Origin Node Destination Node r t

Path Extension: ppred(nk) > apred(nk)nk
+ anksucc(nk) + psucc(nk)

Path Contraction: ppred(nk) ≤ psucc(nk) apred(nk)nk
+ anksucc(nk) + psucc(nk)

(u1) (u1, u2) (u1, u2, u3) u = (u1, . . . , uN ) Nodes

ppred(nk) − apred(nk)nk
anksucc(nk) + psucc(nk) apred(nk)nk

+ anksucc(nk) + psucc(nk)

ppred(nk) apred(nk)nk
+ pnk pnk ≤ ε or

Price rise of the best object ji ε wi − ε Conservative auction Aggressive auction

1

1 2 3 p > 1/2 1−p x0 Current State Current Text String Next Text String n Words u = (u0, . . . , un−1)

Stage n p(y | xk)Pk+1(y, π) y y′ y′′

Prompt GPT Heuristic Rollout Greedy Selection Heuristic

Nearest Neighbor Base Heuristic π0 Rollout π1 π2 . . .
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(ũ0, . . . ũk−1) Possible Next Words uk u
′
k u

′′
k Transformer Heuristic Approximate Policy Iteration

aij = C > 0 for i = 1, 2, 3 and j = 1, 2 Alternating Path
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Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available)

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
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{
qx2 + ru2 + K(ax + bu)2

}
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L∈$
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{
qx2 + ru2 + K(ax + bu)2
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q + rL2 + K(a + bL)2
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x2
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L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
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c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1
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L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

There are also truncated and simplified variants, etc
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Most Likely Word Sequence from a GPT

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy olicy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Bas Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (" − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (" − 1)-Stages State xk+! = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ "−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree "-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available) µ

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Facto On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Lin

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

“Beneath the   
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We generated most likely sequences, using a fine-tuned GPT, which defines an
n-gram and its associated transition probabilities. We used N = 200 and
n = 1024.

The transition probabilities are generated by the GPT

The number of different n-grams is 502581024, enormous! Intractable via DP

The large vocabulary size leads to excessive Q-factor computations

We applied simplified rollout and its truncated counterpart

Rollout can take advantage of the parallel processing power of graphical
processing units (GPU)
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Most Likely Word Sequence from a GPT

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy olicy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Bas Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (" − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (" − 1)-Stages State xk+! = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ "−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree "-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available) µ

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Facto On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Lin

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1
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We generated most likely sequences, using a fine-tuned GPT, which defines an
n-gram and its associated transition probabilities. We used N = 200 and
n = 1024.

The transition probabilities are generated by the GPT

The number of different n-grams is 502581024, enormous! Intractable via DP

The large vocabulary size leads to excessive Q-factor computations

We applied simplified rollout and its truncated counterpart

Rollout can take advantage of the parallel processing power of graphical
processing units (GPU)
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Most Likely Word Sequence from a GPT

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy olicy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Bas Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (" − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (" − 1)-Stages State xk+! = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ "−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree "-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available) µ

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Facto On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen
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We generated most likely sequences, using a fine-tuned GPT, which defines an
n-gram and its associated transition probabilities. We used N = 200 and
n = 1024.

The transition probabilities are generated by the GPT

The number of different n-grams is 502581024, enormous! Intractable via DP

The large vocabulary size leads to excessive Q-factor computations

We applied simplified rollout and its truncated counterpart

Rollout can take advantage of the parallel processing power of graphical
processing units (GPU)
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Most Likely Word Sequence from a GPT
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Bas Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead
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min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (" − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (" − 1)-Stages State xk+! = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ "−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)
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Parametric approximation Neural nets Discretization
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Rollout, Model Predictive Control
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b+
k b−

k Permanent trajectory P k Tentative trajectory T k
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Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1
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We generated most likely sequences, using a fine-tuned GPT, which defines an
n-gram and its associated transition probabilities. We used N = 200 and
n = 1024.

The transition probabilities are generated by the GPT

The number of different n-grams is 502581024, enormous! Intractable via DP

The large vocabulary size leads to excessive Q-factor computations

We applied simplified rollout and its truncated counterpart

Rollout can take advantage of the parallel processing power of graphical
processing units (GPU)
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Most Likely Word Sequence from a GPT

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy olicy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Bas Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (" − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (" − 1)-Stages State xk+! = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ "−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree "-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available) µ

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Facto On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Lin

Expansion

Transition Probabilities Depend on Data (Are Available) µ Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available) π Greedy

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead Q-Factor Maximization On-Line Simulation

Expansion

Transition Probabilities Depend on Data (Are Available Greedy Rollout Policy π̃

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy "̄-Step Lookahead xn+1

Layer "̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

min
u=Lx

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$

{
q + rL2 + K(a + bL)2

}
x2

or Pruned States (with one-step lookahead) Rollout

F (K) = min
L∈$

FL(K), with FL(K) = (a + bL)2K + q + rL2

y0 y1 H(y) = G(y) − y G(y) Region of Attraction of y∗

Belief State is a “Probabilistic Estimate” of the Unknown State

Given quadratic cost approximation J̃(x) = K̃x2, we find

L̃ = arg min
L

FL(K̃) H(y) = G(y) − y G(y)

c(2) c(m−1) c(m) c(m+1) c(M) c(M −1) Linear Stable Policy Quadratic Cost Approximation J̃(x) = K̃x2

to construct the one-step lookahead policy µ̃(x) = L̃x

Tangent Riccati Operator at K̃ Region of Attraction of Slope = 1

NEWTON STEP for Bellman Eq. 2-Step Lookahead Minimization

Enhancements to the Starting Point of Newton Step Value Iterations

Unstable L |a + bL| > 1 Stable L |a + bL| < 1

1

“Beneath the   

Problem Data
 

x0: 
Trained

Trainsformer

0.00 0.05 0.10 0.15 0.20 0.25

Probability

0.02

0.02

0.02

0.02

0.03

0.03

0.05

0.06

0.11

0.23

D
if
fe
re
n
t 
ed

g
es

 fr
om

 x
0

We generated most likely sequences, using a fine-tuned GPT, which defines an
n-gram and its associated transition probabilities. We used N = 200 and
n = 1024.

The transition probabilities are generated by the GPT

The number of different n-grams is 502581024, enormous! Intractable via DP

The large vocabulary size leads to excessive Q-factor computations

We applied simplified rollout and its truncated counterpart

Rollout can take advantage of the parallel processing power of graphical
processing units (GPU)
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Most Likely Word Sequence from a GPT

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy olicy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Evaluation Policy Improvement Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Alphazero has discovered a new way to play! Base Policy Evaluation
One-Step Lookahead Policy Improvement

Policy Evaluation Policy Rollout Policy µ̃ Base Policy µ

u = µ̃(x, r) Current State x µ Rollout Policy µ̃ Randomized

Jµ instead of J* Bellman Eq. with

Approximate Policy Evaluation Approximate Policy Improvement

Value Network Policy Network J̃ State-Control Pairs Data-Trained
Classifier

1

Bas Rollout Policy Approximation in Value Space

One-Step or Multistep Lookahead

Approximation in Policy Space

Approximate Q-Factor Q̃(x, u) At x

min
u∈U(x)

E
w

{
g(x, u, w) + αJ̃

(
f(x, u, w)

)}

Approximate Q-Factor Q̃(x, u) At x

System: xk+1 = 2xk + uk Control constraint: |uk| ≤ 1

Cost per stage: x2
k + u2

k

{X0, X1, . . . , XN} must be reachable Largest reachable tube

x0 Control uk (" − 1)-Stages Base Heuristic Minimization

Target Tube 0 k Sample Q-Factors (" − 1)-Stages State xk+! = 0

Complete Tours Current Partial Tour Next Cities Next States

Q1,n +R1,n Q2,n +R2,n Q3,n +R3,n Stage k Stages k+1, . . . , k+ "−1

Base Heuristic Minimization Possible Path

Simulation Nearest Neighbor Heuristic Move to the Right Possible
Path

J̃k+1(xk+1) = min
uk+1∈Uk+1(xk+1)

E
{

gk+1(xk+1, uk+1, wk+1)

+J̃k+2

(
fk+1(xk+1, uk+1, wk+1)

)}
,

2-Step Lookahead (onestep lookahead plus one step approx-
imation)

Certainty equivalence Monte Carlo tree search Lookahead tree "-Step
Shortest path problem xk xk States xk+1 States xk+2 u u′

Truncated Rollout Terminal Cost Approximation J̃

Parametric approximation Neural nets Discretization

Parametric approximation Neural nets Discretization

Cost Function Approximation J̃k+!

Rollout, Model Predictive Control

Rollout Control ũk Rollout Policy µ̃k Base Policy Cost

b+
k b−

k Permanent trajectory P k Tentative trajectory T k

1

Find the Most Likely Path Given the Data Rollout with One-Step Lookahead

Rollout with Multi-Step Lookahead

Expansion

Transition Probabilities Depend on Data (Are Available) µ

x∗ minimizes D(x) + H(x) over the leaf nodes x ∈ S Current State J̃(xk+!) · · ·

xk+! x0 x∗ xk (Current State) xn xk+1 xn x′
n xk+2 xk+n xk+! Shortest Path Move Chosen

Multistep Lookahead xn Layer n xn+1 Layer n + 1 (may be the cost of a heuristic)

Base Policy !̄-Step Lookahead xn+1

Layer !̄ x!̄ Terminal node to expand

F (K)x2 = min
u∈$

{
qx2 + ru2 + K(ax + bu)2

}

= min
L∈$
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We generated most likely sequences, using a fine-tuned GPT, which defines an
n-gram and its associated transition probabilities. We used N = 200 and
n = 1024.

The transition probabilities are generated by the GPT

The number of different n-grams is 502581024, enormous! Intractable via DP

The large vocabulary size leads to excessive Q-factor computations

We applied simplified rollout and its truncated counterpart

Rollout can take advantage of the parallel processing power of graphical
processing units (GPU)
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Performance of Simplified Rollout
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We applied two simplification techniques:
▶ Computing only 10 Q-factors corresponding to top ten most likely next words: simplified

rollout with one-step lookahead
▶ In addition, truncating the simulation after 10 steps: m-step truncated rollout

General observations from the experiments:
▶ Simplified rollout has substantial improvement over the greedy policy, with modest

computation increase
▶ The truncated counterpart still improves upon the greedy policy in all our test cases
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Outline

1 Model Predictive Control as Approximation in Value Space

2 Computing Most Likely Sequence of a Language Model

3 Addressing Multiple Object Tracking/Data Association Problem

4 Approximation in Value Space with Fine-Tuned Language Model (if time permits)
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =

n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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ỹk, uk, H(yk+1)

)
∈ C

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN−1) . . .

SC ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n− 1 n p11 p12 p1n p1(n−1) p2(n−1)

...

p22 p2n p2(n−1) p2(n−1) p(n−1)(n−1) p(n−1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1

Three-Dimensional Assignment Problem 3 Node Layers Jobs j Ma-
chines ℓ Workers w u0 u1 u2 uN−1

Jobs j Machines ℓ Workers w

5-Dimensional Assignment Problem 6 Node Layers

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN−1) . . .

x̃0 x̃1 x̃2 x̃k−1 x̃k xk+1 xk+2 xN−1 xN ũ0 ũ1 ũk−1 uk uk+1 uN−1
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
ate

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
o
ld

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
eratu

re
x

2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
ate

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

tory
S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1st
G

a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
o
ld

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1
.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
eratu

re
x

2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
tate

A
C

A
B

A
C

C
A

C
D

A
B

C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
old

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
old

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

a
l
T
em

p
era

tu
re

x
2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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1

Minimize G(u) subject to u ∈ U
Assume that each solution u has N components: u0, . . . , uN−1

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

The system dynamics is f (xk , uk ) = (u0, . . . , uk−1, uk ), where xk = (u0, . . . , uk−1).

Only the state and control pairs (xN−1, uN) has the cost g(xN−1, uN) = G(u); all
other costs are 0

Li & Bertsekas NetCon Talk June 10, 2024 20 / 31



Modeling General Discrete Optimization via DP
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost
function Jµ(i)I1 ... Iq I2 g(i, u, j)

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =

n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Iterates

P
P

0
P

1
P

2
�

2
1

2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
old

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1
.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

a
l
T
em

p
eratu

re
x

2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

ost
ĝ
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1

Minimize G(u) subject to u ∈ U
Assume that each solution u has N components: u0, . . . , uN−1

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

The system dynamics is f (xk , uk ) = (u0, . . . , uk−1, uk ), where xk = (u0, . . . , uk−1).

Only the state and control pairs (xN−1, uN) has the cost g(xN−1, uN) = G(u); all
other costs are 0
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
tate

A
C

A
B

A
C

C
A

C
D

A
B

C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
old

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
old

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

a
l
T
em

p
era

tu
re

x
2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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1

Minimize G(u) subject to u ∈ U
Assume that each solution u has N components: u0, . . . , uN−1

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

The system dynamics is f (xk , uk ) = (u0, . . . , uk−1, uk ), where xk = (u0, . . . , uk−1).

Only the state and control pairs (xN−1, uN) has the cost g(xN−1, uN) = G(u); all
other costs are 0
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =
n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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ĝ(f, u) =

n∑

i=1

dfi

n∑

j=1

pij(u)g(i, u, j)

Representative Feature States Feature Space F F (j) φjf1 φjf2 φjf3

φjf4

i1 i2 iℓ r∗
1 r∗

q r∗
ℓ . . . iq

1

s t uk Demand at Period k Stock at Period k Stock at Period
k + 1

Initial State Stage 0 Stage 1 Stage 2 Stage N 1 Stage N

Artificial Terminal Node Terminal Arcs with Cost Equal to Ter-
minal Cost AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n 1 n p11 p12 p1n p1(n 1) p2(n 1)

...

p22 p2n p2(n 1) p2(n 1) p(n 1)(n 1) p(n 1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1st Game / Timid Play 1st Game / Bold Play pd 1 pd pw 1 pw

0 0 1 0 0 1 1.5 0.5 1 1 0.5 1.5 0 2

System xk+1 = fk(xk, uk, wk) uk = µk(xk) µk wk xk

3 5 2 4 6 2

10 5 7 8 3 9 6 1 2

Initial Temperature x0 u0 u1 x1 Oven 1 Oven 2 Final Temperature
x2

⇠k yk+1 = Akyk + ⇠k yk+1 Ck wk

Stochastic Problems

Perfect-State Info Ch. 3

1

15 1 5 18 4 19 9 21 25 8 12 13

Stage 1 Stage 2 Stage 3 Stage N

Initial State x0 s Terminal State t Length = 1

x0 a 0 1 2 t b C Destination

J(xk) → 0 for all p-stable π from x0 with x0 ∈ X and π ∈ Pp,x0 Wp+ = {J ∈ J | J+ ≤ J} Wp+ from

within Wp+

Prob. u Prob. 1 − u Cost 1 Cost 1 − √
u

J(1) = min
{
c, a + J(2)

}

J(2) = b + J(1)

J∗ Jµ Jµ′ Jµ′′Jµ0 Jµ1 Jµ2 Jµ3 Jµ0
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ỹk, uk, H(yk+1)

)
∈ C

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN−1) . . .

SC ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n− 1 n p11 p12 p1n p1(n−1) p2(n−1)

...

p22 p2n p2(n−1) p2(n−1) p(n−1)(n−1) p(n−1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1

Three-Dimensional Assignment Problem 3 Node Layers Jobs j Ma-
chines ℓ Workers w u0 u1 u2 uN−1

Jobs j Machines ℓ Workers w

5-Dimensional Assignment Problem 6 Node Layers

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN−1) . . .

x̃0 x̃1 x̃2 x̃k−1 x̃k xk+1 xk+2 xN−1 xN ũ0 ũ1 ũk−1 uk uk+1 uN−1
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
ate

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
o
ld

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1
.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

a
l
T
em

p
eratu

re
x

2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
ate

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
o
ld

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
eratu

re
x

2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
tate

A
C

A
B

A
C

C
A

C
D

A
B

C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
old

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
old

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

a
l
T
em

p
era

tu
re

x
2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
o
ld

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
era

tu
re

x
2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
ate

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

at
P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
old

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
era

tu
re

x
2

1

Minimize G(u) subject to u ∈ U
Assume that each solution u has N components: u0, . . . , uN−1

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

The system dynamics is f (xk , uk ) = (u0, . . . , uk−1, uk ), where xk = (u0, . . . , uk−1).

Only the state and control pairs (xN−1, uN) has the cost g(xN−1, uN) = G(u); all
other costs are 0
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Modeling General Discrete Optimization via DP
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =

n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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(
F (i)

)

Aggregate States Scoring Function V (i) J∗(i) 0 n n − 1 State i Cost

function Jµ(i)I1 ... Iq I2 g(i, u, j)
...

TD(1) Approximation TD(0) Approximation V̂1(i) and V̂0(i)

Aggregate Problem Approximation TD(0) Approximation V̂1(i) and
V̂0(i)

φjf̄ =

{
1 if j ∈ If̄

0 if j /∈ If̄

1 10 20 30 40 50 I1 I2 I3 i J̃1(i)

(May Involve a Neural Network) (May Involve Aggregation)

dℓi = 0 if i /∈ Iℓ

φjℓ̄ = 1 if j ∈ Iℓ̄

p̂ff̄(u) =
n∑

i=1

dfi

n∑

j=1

pij(u)φjf̄
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ỹk, uk, H(yk+1)

)
∈ C

(u0) (u0, u1) (u0, u1, u2) u = (u0, . . . , uN−1) . . .

SC ℓ Stages Riccati Equation Iterates P P0 P1 P2 γ2 − 1 γ2P
P+1

Cost of Period k Stock Ordered at Period k Inventory System
r(uk) + cuk xk+1 = xk + u + k − wk

Stock at Period k +1 Initial State A C AB AC CA CD ABC

ACB ACD CAB CAD CDA

SA SB CAB CAC CCA CCD CBC CCB CCD

CAB CAD CDA CCD CBD CDB CAB

Do not Repair Repair 1 2 n−1 n p11 p12 p1n p1(n−1) p2(n−1)

...

p22 p2n p2(n−1) p2(n−1) p(n−1)(n−1) p(n−1)n pnn

2nd Game / Timid Play 2nd Game / Bold Play

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
old

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
old

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
era

tu
re

x
2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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ĝ
k (b

k ,u
k )

A
p
p
rox

im
a
te

..

S
C

`
S
ta

g
es

R
icca

ti
E

q
u
a
tio

n
Itera

tes
P

P
0

P
1

P
2

�
2

1
2
P

P
+

1

C
o
st

o
f

P
erio

d
k

S
to

ck
O

rd
ered

a
t

P
erio

d
k

In
ven

to
ry

S
y
stem

r(u
k )

+
cu

k
x

k
+

1
=

x
k

+
u

+
k

w
k

S
p
id

er
1

S
p
id

er
2

F
ly

1
F
ly

2
n

1
n

n
+

1
n

2
0

1
2

S
to

ck
a
t

P
erio

d
k

+
1

In
itia

l
S
ta

te
A

C
A

B
A

C
C

A
C

D
A

B
C

A
C

B
A

C
D

C
A

B
C

A
D

C
D

A

S
A

S
B

C
A

B
C

A
C

C
C

A
C

C
D

C
B

C
C

C
B

C
C

D

C
A

B
C

A
D

C
D

A
C

C
D

C
B

D
C

D
B

C
A

B

D
o

n
o
t

R
ep

a
ir

R
ep

a
ir

1
2

n
1

n
p
1
1

p
1
2

p
1
n

p
1
(n

1
)

p
2
(n

1
)

...

p
2
2

p
2
n

p
2
(n

1
)

p
2
(n

1
)

p
(n

1
)(n

1
)

p
(n

1
)n

p
n

n

2
n
d

G
a
m

e
/

T
im

id
P

lay
2
n
d

G
a
m

e
/

B
o
ld

P
lay

1
st

G
a
m

e
/

T
im

id
P

lay
1
st

G
a
m

e
/

B
o
ld

P
lay

p
d

1
p

d
p

w
1

p
w

0
0

1
0

0
1

1.5
0
.5

1
1

0.5
1.5

0
2

S
y
stem

x
k
+

1
=

f
k (x

k ,u
k ,w

k )
u

k
=

µ
k (x

k )
µ

k
w

k
x

k

3
5

2
4

6
2

1
0

5
7

8
3

9
6

1
2

O
p
tim

a
l
C

o
st

A
p
p
rox

im
a
tio

n

In
itia

l
T
em

p
era

tu
re

x
0

u
0

u
1

x
1

O
ven

1
O

v
en

2
F
in

al
T
em

p
era

tu
re

x
2

1

z
k
+

1
b
k
+

1
=

F
k (b

k ,u
k ,z

k
+

1 )
C

o
st

ĝ
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Minimize G(u) subject to u ∈ U
Assume that each solution u has N components: u0, . . . , uN−1

View the components as the controls of N stages

Define xk = (u0, . . . , uk−1), k = 1, . . . ,N, and introduce artificial start state x0 = s

The system dynamics is f (xk , uk ) = (u0, . . . , uk−1, uk ), where xk = (u0, . . . , uk−1).

Only the state and control pairs (xN−1, uN) has the cost g(xN−1, uN) = G(u); all
other costs are 0
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DP and Approximation in Value Space

DP solution to the discrete optimization problem
Start with

J∗
N(xN) = G(xN) = G(u0, . . . , uN−1) for all xN ∈ U

For k = 0, . . . ,N − 1, let

J∗
k (xk ) = min

uk∈U(xk )
J∗

k+1(xk , uk ) for all xk

where Uk (xk ) need to be suitably defined.

Construct the optimal solution (u∗
0 , . . . , u

∗
N−1) by forward calculation

u∗
k ∈ arg min

uk∈U(xk )
J∗

k+1(xk , uk ) for all xk

Approximation in value space

Use some J̃k+1 in place of J∗
k+1

Starting from the artificial initial state, for k = 0, . . . ,N − 1, set

µ̃(xk ) ∈ arg min
uk∈U(xk )

J̃k+1(xk , uk ) for all xk
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Multiple Object Tracking

t 

k − 1Multiple Object tr kMultiple Object tr k + 1
Figure source: Chumachenko et. al., Object Detection and Tracking

Multiple object tracking (MOT) aims to match the same objects over various frames

Nontrivial: occlusion, changes in object appearance, and real-time computation
constraint

Important problem with many applications: traffic monitoring, robotics, consumer
analytics, augmented and virtual realities ...
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Multidimensional Assignment Problem

Three-Dimensional Assignment Problem 3 Node Layers Jobs

6-Dimensional Assignment Problem

MOT can be modeled as a multidimensional assignment problem

There are (N + 1) layers (frames) of nodes

A grouping consists of N + 1 nodes (i0, . . . , iN) where ik belongs to k th layer, and
N corresponding arcs

For each grouping, there is an associated cost depending on the entire grouping

Our goal: find m groupings so that each node belongs to one and only one
grouping and the sum of the costs of the groupings is minimized
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DP Formulation for MOT

. . .

. . .

. . .

. . .Frame 0 Frame k Frame k + 1

xk uk

The state xk = (u0, u1, . . . , uk−1) defines a set of tracks, referred to as the given
tracks.

At each time, we select uk in order to match the objects in the target frame to the
given tracks

Each uk is a matching between the tracks and the objects in the target frame
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Approximation in Value Space for MOT

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .

. . .Frame 0 Frame k Frame k + 1 Frame k + l + 1

Truncated Horizon Future

xk uk

. . .

. . .

. . .

. . .

First process a few frames beyond target frame defined by the truncated horizon

It then applies a base policy to solve the MOT starting from the target frame, which
we call near-online simulation

The function J̃k+1(xk , uk ) is given by the sum of similarity scores c ij
k+1(xk ):

J̃k+1(xk , uk ) =
∑

(i,j)∈uk

c ij
k+1(xk ),

where each (i, j) ∈ uk is an arc from the matching specified by control uk

The control selection µ̃(xk ) ∈ argmaxuk∈U(xk ) J̃k+1(xk , uk ) becomes solving a
bipartite matching problem
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MOT Example: Base Policy
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MOT Example: Approximation in Value Space
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Outline

1 Model Predictive Control as Approximation in Value Space

2 Computing Most Likely Sequence of a Language Model

3 Addressing Multiple Object Tracking/Data Association Problem

4 Approximation in Value Space with Fine-Tuned Language Model (if time permits)

Li & Bertsekas NetCon Talk June 10, 2024 28 / 31



The Potential of Language Model in Approximation in Value Space

Figure: From https://explodingtopics.com/blog/list-of-llms

There are growing list of language models with impressive capabilities

Can a given language model act as a base policy or function J̃ used in
approximation in value space for a generic task?

Can fine-tuning (further training with small amount of data for a short time) improve
the performance of the policy obtained from approximation in value space?

We will use chess as our test-bed
Li & Bertsekas NetCon Talk June 10, 2024 29 / 31
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Computational Study Based on Pythia and GPT4

We collected 32, 000 data point from Stockfish (an expert software of chess).
Each data is a pair given as

(chess board configuration,score)

We used the data to fine-tune an open-source language model, Pythia with 410
million parameters (a much inferior model than GPT4), so that it can act as J̃

In addition, we used GPT4 as alternative choice of J̃

As comparison, we also applied GPT4 and the fine-tuned Pythia to play chess
directly.
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Computational Results

Figure: Collaboration with A. Gundawar
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