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1 PROBLEM STATEMENT

Probability space is given as (Ω, F , P). Suppose X is a discrete random variable (r.v.) and
H(X ) is a r.v.. For a fixed x, H(x) may or may not be independent of X . Prove the following
result

E [H(X )|X = x] = E [H(x)|X = x] (1.1)

provided that P(X = x) > 0.

2 ELABORATION

First of all, we know {X = x} ∈F . By the definition of conditioning w.r.t. an event [1], for the
left-hand side of Eq. (1.1) we have

E [H(X )|X = x] = 1

P({X = x})

∫
{X=x}

H(X )dP

= 1

P({X = x})

∫
Ω
χ{X=x}H(X )dP. (2.1)

where χ{X=x}(ω) is the indicator function. Similarly, for the right-hand side of Eq. (1.1), we
have

E [H(x)|X = x] = 1

P({X = x})

∫
{X=x}

H(x)dP

= 1

P({X = x})

∫
Ω
χ{X=x}H(x)dP. (2.2)
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Since we have
χ{X=x}(ω)H(X )(ω) =χ{X=x}(ω)H(x)(ω), ∀ω ∈Ω,

then the integrals in Eqs. (2.1) and (2.2) are equal.
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