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QUESTION 1

Q: Given a finite measure space (Ω,A ,µ) and a real-valued measurable function f :Ω→ [0,1],
prove that

lim
n→∞

∫
f 1/ndµ=µ(

f −1((0,1])
)
,

and

lim
n→∞

∫
f ndµ=µ(

f −1({1})
)
.

A: Given a measure space (Ω,A ,µ) and a real-valued measurable function f :Ω→ [0, 1], de-
note gn = f 1/n . We also define constant function l = 1. It can be shown that gn ≤ l . Since µ
is finite measure, then l is integrable. Therefore, we can apply DCT. Denote lim gn = g . Then
we have gn ↑ g . Then we have for ω ∈ f −1((0,1])

ln gn ≤ ln g ⇐⇒ 1

n
ln f ≤ ln g =⇒ sup(

1

n
ln f ) ≤ ln g =⇒ 0 ≤ ln g .

Due to the definition of supremum, we have g = 1. For ω ∈ f −1({0}), g = 0. So we know that g
is a simple function. By DCT, we have

lim
n→∞

∫
f 1/ndµ= lim

n→∞

∫
gndµ

=
∫

lim
n→∞gndµ

=
∫

g dµ

= 1 ·µ(
f −1((0,1])

)+0 ·µ(
f −1({0})

)
=µ(

f −1((0,1])
)
.

1



Similarly, denote hn = f n . Again, we can directly see that hn is bounded by l and we can apply
DCT. Besides, hn converge to h which is defined as h = 1 for ω ∈ f −1({1}) and h = 0 o.w.. By
apply DCT, we have

lim
n→∞

∫
f ndµ= lim

n→∞

∫
hndµ

=
∫

hdµ

= 0 ·µ(
f −1([0,1))

)+1 ·µ(
f −1({1})

)
=µ(

f −1({1})
)
.
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