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QUESTION 1

Q: Define/motivate the concepts o-algebra, measure, measure space, measurable space and
measurable set.

A: Given universal set Q, a o-algebra & of Q is a set of subsets of Q such that 1) Q € &; 2) For
AeQ, Ae F — A°e &; 3) For {Ai}32,, Ai € QVi = U2 A; € . Measure is given as (i,
measure space given as (Q, %, u). Measurable space given as (2, %). Measurable setis A< Q
such that Ae &.

QUESTION 2

Q: On the real line, define/motivate Borel measurable set and Borel measurable function.
Discuss the relation between Borel measurable and continuous functions.

A: Denote @ as the set of open sets of some universal set. Then we have 8 = o(0). B € % is
called Borel-measurable. For f: % — 7, it is Borel-measurable if f~1(0) is Borel measurable
interms of the Borel o algebra of %.

QUESTION 3

Q: Define and discuss the concepts almost everywhere (a.e.), convergence a.e., and conver-
gence in measure. For a finite measure, prove that convergence a.e. implies convergence in
measure. Describe a counterexample showing that the reverse statement does not hold in
general.



A: First of all, for measure space (Q, %, u) where u(Q) < oo, and A, | A, we have
r}iilolo,u(An) = I-l(ﬂ(;lozlAn)- 0.1)

Refer to [1] Theorem 1.4.9 to check how the finiteness of the measure play a role.

Suppose {f}52, is a sequence a measurable function defined on the measure space and con-
verge almost everywhere (a.e.), then we have p(lim,— f = f) = u(Q). Suppose {f,;} does not
converge in measure to f, thatis, 3¢, 36 and 3{f,,}32,, such that u(| fn, — 1= €) > 6 holds Vk.
However, if we denote By, = {| f;, — f| = €}, then due to finiteness of measure, we have

(e}

pdimsup B) = p(n5,_; u%":m By) = n%gnmu(uzimBk) >9. (0.2)

k—o0

That is, there exists a sub-sequence of {f}, that does not converge to f a.e., which contra-
dicts the assumption.

QUESTION 4

Q: Given a measure space (Q, </, i), let {E,;} be an infinite sequence of o/ -measurable sets,
with pu(U,E,) < oo. Prove that

JT{(Sn mf’:n Ep < li’miol.}fu(En) < liilrisolipu(En) s unSZ, U%o:n Ep).

A: We only prove the last inequality. Given (Q, </, 1), and pu(QQ) < co. Suppose {En}j’;’:l is a
sequence of &/ -measurable sets. Denote F,, = U, Ex, then Fy, | F where F =N, uz":n Eg.
Due to finiteness of measure u, we have

W(F) = p(n52, U, Ex) = ,}H’é‘o (U, Ex) (0.3)
and we know that ,u(uf’:nE ) | as n 1. As a result, we have

sup (Vg2 Ex) = p(URZ,, Er). 0.4)

m=n

Since p(Em) = p(US2,, Ex), take supreme on both sides, we have

sup w(Ep) < sup p(ULL,, Ex) = p(UiL, Ex).
m=n

m=n
Take limits on both sides, we have

(o9}

limsup u(Ey,) < ,%i_l};oﬂ(uiinEk) = p(n52, U, Ex).

n—oo
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