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1 PROBLEM STATEMENT

The state space model of a determinant linear system is defined as

x(1) = Ax(¥) + Bu(1),

(1.1)
y(8) = Cx(f) + Du(1).
Prove that the explicit solution of the state space model is given as Eq. (1.2) given by [1].
t
x(0) = eA0) x(19) + f e D Bu(r)dr. (1.2)
Ty

2 ELABORATION

First, we give the full proof. Denote f () = e’. By Note 1, we know the following properties:
1. Aef’ = e A, Naturally Ae™4! = e= 4 A.
2. eP AP = p-loAp,
3. At = pAspAl A conclusion from it is that (e4) ! = e4.

4. e B = ¢4eB if AB = BA, in other words, A and B commute.

5. f'(t) = Aet.



Then for the ODE, left multiply e~ on both sides, we have
%() — Ax(t) = Bu(t) = e Mx(t) —e A Ax(t) = e " Bu(1)

= e i) - Ae M x(1) = e M Bu(p)

Notice that the left hand side of the equation above is the derivative of g(f) = e~ x(¢). There-
fore we have

%g(t) =e Y Bu(r). 2.1)

Taking integration from fy to ¢ on both sides, we have

t t
e A x () — e A x (1) :f e M Bu(m)dr = e A x(t) = e A x(1) +f e A" Bu(t)dr.
to o

Multiply e’ on both sides, we have Eq. (1.2).

Second, we give intuitive explanation.

(1) In the case where A is diagonalizable, namely D = P~1'AP, where D is a diagonal matrix,
then define x = Pz. Use z to replace x and Eq. (1.1) can be rewritten as

Pz(t) = APz(t) + Bu(f) = z(t) = P Y APz(t) + P 'Bu(t) = 2z(t) = Dz(t) + P Bu(1)

The multivariable ODE is clearly decoupled as single variable ODEs. Therefore, the formula
of single ODE is applied to solve z(¢), which yields to

z(1) = e (1) +ftteD(’_”P_lBu(T)dT.
0

Replace z with x, we get

Plx(r) = PO plx(1y) +ftteD“—”P‘1Bu(r)dr.

0

Multiply P on both sides, we get

x(1) = PePU0 p~lx (1) + ft tPeD“_T)P_lBu(T)dT.

0

By applying property 2 listed above, we can get Eq. (1.1).
(2) In the case where A is not diagonalizable, then we have J. = P71 AP, where J, is Jordan
canonical form. If the solution Eq. (1.2) holds for the ODE

Zc(t):]czc(t)+chc(t)r (2.2)

then for ODE with any A, it can be considered as linear transformation of Eq. (2.2). By the
same reasoning used in (1), the solution is proved. In fact, in J, only its Jordan block with
order higher than 1 is an issue since the one dimension Jordan block still corresponds to
single variable ODE, the solution of which is known. Therefore we attack the problem where



the Jordan block have order higher than 1, namely, prove the solution Eq. (1.2) holds for the
ODE
z(1) = Jz(t) + Hu(1), (2.3)

where J € M,, is Jordan block matrix.
By Eq. (1.2), the solution of Eq. (2.3) would be

t
z(t) = &/ 2 (1) + f /"D Hu(r)dr. (2.4)

Iy

Note 2 provides a great way of calculating /. Since J = AI + N where N is a nilpotent matrix.
Because AI and N commute, by property 4, we know e *N = eMeN Since N =0, eV is fairly

simple to calculate. However, attention need to be paid when calculating eNU=h) which is

1 1
N(t—to) _ 2 2 3 3
e T+ N(t=t)+—N2(t=1)2+ =N3(t =) +---+
( 0) 2! ( 0) 3! ( 0) (n—=1)

where the f — fy shall not be lost. By this method, also refer to Stochastic Dynamic Systems,
UU, Note 32, /("% would be

r _ 2 _ _ n-1 _ E
eMi—10) (t— to)efl(t—to) (t 2';0) M=t ., (t(ntg)l)! eMi—10)
/=) = (=10 pA (1=t (2.5)
.t 1)ttt
0 eﬂ.([—[o)

The same format for /¢~ in Eq. (2.4). Therefore the task is to prove the solution of ODE
(2.3) has solution as Eq. (2.4) where the Jordan matrix exponential in Eq. (2.4) has the format
as Eq. (2.5). We denote v(t) = Hu(t) and m-th item of v(#) as v, (). Then the m-th element
of z(t), denoted as z,, (1), should be given as

A(t—1p) (1- tO)2 e/l(t—l’o)

2m (1) =M 2, (1) + (1~ to)e >

Zm+1 (o) + Zms2(fo) +---+

(=" Ji-1) L= ‘ Alt-1)
—e¢ Vza(t)+ | e Vp(@dt+ | (t—1)e Vi1 (T)dT+
(I’l— m)! to fo
t(t_’r)zel(t—'[) t(t_T)n_m

Umio@dT+-++ | ————— My (1) dr. (2.6)
n 2! n (m—m)!

We prove it by induction and start with the last element of z(¢), denoted as z,(#).

1. For z,(t), the ODE is 2z, () = Az, (t) + v,(t). Then the solution would be

t
zn(0) = M0z (1) + f My (T dr. 2.7)
1

0

which fulfill Eq. (2.6).



2. For z,_1(t), the ODE is z;,,_1(t) = Az,—1 () + z,,(t) + vy—1(8). Consider z,,(t) + v,_1(f) =
wy—-1(t), then ODE here is the same as in step 1. Therefore, we can still use single vari-
able ODE solution to solve z,_; (), which gives

t
()= 20 (1) + f M (20 (1) + vy (1) dT 2.8)
I

0

Take Eq. (2.7) into Eq. (2.8), we get

t t
Zn-1(0) :e’w_t")zn_l(to)+f e M=) vn_l(r)dr+f Mz (ndr
to Io

t
:e’ut_t(’)zn_l(to)+f MOy (mdT+
Io

t T
f e/l(t—r)(e)l(r—to)zn(to)+f ATy (9ds)dr

To Ty

t t
=MWz, (1) +f M) vn_l(r)dr+f M AT0) 7 (o) d T+
to Io

t T
f em—r)f My (9 dsdr
f f

t t
:e/l(t—l‘()) Zp_1(to) + [ e/l(t—‘r) Up_1(D)dT + [ e/l(t—l‘())zn(t()) dr+
fo lo

t T
f f M9y (9)dsdr
t Jt

(2.9)
The third term can be calculated as
t t
f MWz, (t)dr = MWz, (1) | dT = (2 - 19)eM TV 2, (ko). (2.10)
to Io

As for the last term, changing the integration sequence yields to
t T t pt t
f f M9y (s)dsdT = f f My (sydrds= | (t-95eM v, (5)ds  (2.11)
o JIy to Js to
In [, [Z (t—5)eM =9y, (s)ds, changing s to T does not alter the result, therefore we have
t T t
f f My (sydsdr = | (t-1)eM Vv, (1)dr (2.12)
to Jto )

Take the results of Eq. (2.10) and Eq. (2.12) into Eq. (2.9), we get

A(t—ty)

Zn_1 (1) =0z (1) + (£ - to)e zZn () +
t t
f My (1)dT + f (t-1)eM Dy, (1)dT (2.13)
to fo

which fulfill Eq. (2.6).



3. Suppose m+1 th term fulfill Eq. (2.6). Namely

_ _ (t— )% 1o
Zme1 (D) =0z (£0) + (£ — tp) e [0)2m+2(l‘0)+T€M[ )z (to) + -+ +
(t— £ )n—m—l _ t _
A C t")zn(to)-kf MOy (DdT+
(n—m-1)! to
t t (t—T)z
-1 M Dy o@dr+ | —— M Dy, s (D)dT+ -+
to to 2!
t (Z._T)n—m—l
R —— vy(T)dT. (2.14)

L (m—m-—1)!

where m < n—1. For z,,(t), the ODE is 2,,(t) = Az, () + z;+1 () + v, (). Consider
Zm+1(t) + v () = win (1), then ODE here is the same as in step 1. Therefore, we can still
use single variable ODE solution to solve z,(¢), which gives

t
() = A0 2 (1) + f M (21 (1) + U (1)) dT
[4)

t t
= e“t_t")zm(tg)+f M= vm(r)dr+f MDDz (D)dT. (2.15)
7 Io

0

Therefore the only term we need to deal with is

t
f M L (1)dT. (2.16)
5}

Taking Eq. (2.14) into Eq. (2.16) is the next step. Define f(¢) as follow

F()y =MWz 1 (1) + (£ — 1) M0 2,05 (0) +

2 n-m-1
t— 1 r— 1
Qe“t_[")zmﬁ(h)) +eeet #e“t—%)

2! n—m=-1)! zn(to). (2.17)

Define g(t) as follows

t t
g(1) =f MOy @mdr+ | -1V, (1)dT+
to [4)
t (I—T)z A1) t (t_.[)n—m—l A1)
- ‘e Upas(@dr+-+ 4+ | —Mm

o0 2! W (—m=1) vp(mdr.  (2.18)

Apparently z,,+1(f) = f() + g(t) and both f(¢) and g(¢) have n — m items. Denote i-th
item of f(t) as f;(t), namely

i—1
(t_ tO) e/l(;_to)

Jith ==

Zm+i(to) (2.19)

Then we have

fw=> fi® (2.20)
i=1



Denote i-th item of g(¢) as g;(t), namely

-0 uen

gi=| —— e Um+i(T)dT (2.21)
o (-1
Then we have
n-m
g =Y g (2.22)
i=1
Therefore, we have
n-m n—-m
Zm= Y, fild+ Y gD (2.23)
i=1 i=1

Taking Eq. (2.23) into Eq. (2.16) yields to

t n-m t n-m
f M=) > fi(r)dr+f =D Y gi(mdr=
fo i=1 i=1

Io

n-m pt n-m rt
Z e/l(t—T)fi (1)dT + Z e)l(t—T) gi (m)dt (2.24)
i=1 Y0 i=1 Y0

Therefore, we only need to prove that the conclusion holds for i-th item, namely calcu-
lating ftz M= fi(1)dt and frz Mg (1)dr.

b oa-n " aeen @ — o) ! AT—15)
e filmdr = e —e ¥ zZm+i(to)dT

to to (i_ 1)!
t i—-1
_ A(t—1ty) (T — 1)
= e Zm+illy) ——————
[to m+l( 0) (i—l)!

(t—tp) 0
Zm+i (1) -
Y )y -1

= e/1
(t— )" _
= Te"“ ) 2,4 (£0) (2.25)

which fulfill the format of Eq. (2.6). As for J, tf) M0 g (1)d1, we have

L= " aa-n [T (r-5)"" Ar—s3)
f e Tgi(T)dT=f eMtT —— """y () dsdT

fo fo tn G—1!
I rT(T—5 i—-1
=[ a-9 - ) M9y i(9)dsdT
th JIy (l - ]-)!
t t(r—s i—1
:f eMt_S) Um+i(s) (_—)deS
t() S (l - 1)!
L(f—s i
= #el(t_” Um+i(8)ds
to i!
t t— i
= %em‘” Ui (T)dT (2.26)
Io I

which fulfill the format given by Eq. (2.6). Therefore, the proof is concluded.
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