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1 PROBLEM STATEMENT

A Sylvester’s equation is defined as
AX-XB=C (1.1)

where Ae M,,, Be My, X € M, and C € M, ;,. It is claimed in [1], Theroem 2.4.4.1 that for
any given C € M, ,, there exists an unique X € M,, ,,, as the solution of Eq. (1.1) if and only if
o(A)no(B)=¢.

The proof directly follows the theorem statement in [1]. The authors claim that for the the-
orem to hold, it suffices to show that the only solution of AX — XB = 0 is 0. This state-
ment is obviously true for the uniqueness part, that is after showing that the only solution
of AX-XB=01is0, if AX — XB = C has solution, then it must be unique. However, it is
less obvious why the statement also elaborate the existence of X to Eq. (1.1). Elaborate this
aspect. Prove that the proofin [1] also takes care of the existence of solution.

2 ELABORATION

By straightforward calculation, it is easy to show that solving Eq. (1.1) is equivalent to solving
simultaneous equations

aj1X1j+ AipXj+ -+ AinXpj — (Xinbrj + Xizboj + -+ + Ximbmj) = cij 2.1

forall i =1,2,...,nand j = 1,2,...,m, where a;j, b;j, c;j, x;j are the element of A, B, C, X
respectively.
Denote

X=X Xpl, xj€C", j=1,2,...,m;



C=lcicz eyl cjeC”, j=1,2,...,m.

Define v! = [xlszT -~x£l] and yT = [clT c2T ~~c,Tn]. Apparantly, there exists an unique matrix

D € My, nm, such that solving
Dv=y (2.2)

is equivalent to solving simultaneous equations (2.1). Therefore, solving the Sylvester’s equa-
tion, namely Eq. (1.1) is equivalent to solving Eq. (2.2). To prove Eq. (2.2) has an unique
solution ve C" for any y € C"", it suffices to show that the only solution to Dv=0is v=0,
which also ensures the existence of solution for equation Dv =y, refer to [1] 0.5 Nonsingular-
ity and [2]. Therefore, to prove Sylvester’s equation has an unique solution, it is also suffice
to show that the only solution of AX — XB=0is 0.
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